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Abstract. Future large-scale structure surveys will measure three-point correlations with
high statistical significance. This will offer significant improvements on our understanding of
gravity, provided we can model these statistics accurately. Here we assess the performance of
various theoretical modelling schemes for the matter bispectrum, including perturbative and
halo-model based approaches as well as fitting formulae, which we compare to measurements
from N-body simulations. We conduct this analysis for general relativity and two alternative
theories, f(R) gravity and the DGP braneworld model. The comparison is performed into
the highly non-linear regime of structure formation, up to k = 4h/Mpc. We furthermore
compute the lensing convergence bispectrum from these theoretical approaches. We find that
a halo-model corrected fitting formula achieves the best overall performance. Despite this, we
also find that all current modelling prescriptions in modified gravity, in particular for theories
with scale-dependent linear growth, fail to attain sufficient accuracy for suitability to lensing
in the context of Stage IV surveys such as Euclid.
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1 Introduction
The standard model of cosmology, ΛCDM, has been hugely successful in reproducing many
cosmological observations such as the cosmic microwave background (CMB) [1] and the large-
scale structure (LSS) of the Universe [2–4]. The model relies on two fundamental theoretical
assumptions: that general relativity holds on all physical scales and that the Universe is
statistically spatially homogeneous and isotropic. While ΛCDM fits observations extremely
well overall, it also invokes two exotic dark components to be postulated, whose nature re-
mains unexplained: cold dark matter (CDM) and dark energy in the form of a cosmological
constant (Λ). Together, these account for 95% of the matter-energy content of the Universe
today. Despite the observational success of the concordance model, several mild tensions in
cosmological parameters between late time measurements and the CMB have been uncovered
with the increased precision of recent data. In particular, there is a tension in the value of
the Hubble parameter today, H0, [5–7] (cf. [8]) and in the amplitude of density fluctuations,
σ8, [9–11] from direct measurement and that inferred from extrapolating the best-fit CMB
data [1] (also see [12] for a review).
Motivated by these theoretical and observational issues, probing the nature of dark mat-
ter and dark energy, as well as testing alternatives to the standard model, is one of the main
focuses of modern cosmology. A plethora of exotic dark energy and modified gravity models
have been proposed over the past couple of decades for this purpose (for reviews, see [13–
16]). However, any viable alternative to the standard model must pass all Solar System tests,
match all cosmological data at least as well as ΛCDM and, moreover, not modify the speed
of gravitational wave propagation [17–26]. This places very tight constraints on modifications
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to ΛCDM in the regimes of these experiments.
One regime that still remains largely open to signals of modified gravity or exotic dark en-
ergy is within the LSS of the Universe, in particular, the non-linear, small physical scales of
LSS. These are much larger than the Solar-System scales but small enough to contain enough
statistical information to discriminate between modifications to ΛCDM and other standard
physics. For instance, it is in this regime that alternatives to ΛCDM are expected to give
clear signatures as they transition from a modification of gravity on large scales, for example
to effectively act as dark energy or dark matter, to recovering GR at Solar-System scales,
where the gravitational interactions have been thoroughly tested. In the context of modified
gravity, this can be realised with screening mechanisms. These mechanisms come in three
general flavours: models that screen through (i) deep potential wells or large (ii) first and (iii)
second derivatives of the potential. The chameleon [27] and symmetron [28] mechanisms are
of the first kind and exhibit a screening effect that is mass and environment dependent. The
second type is realised in k-mouflage models [29], where screening occurs in regions of large
acceleration. Finally, the third type of screening, the Vainshtein mechanism [30], operates in
regions of high density.
Current and future LSS surveys such as KiDS1 [31], DES2 [32], DESI3 [33], Euclid4 [34, 35],
and LSST5 [36] will measure the smaller scales of LSS with unprecedented precision and re-
quire equally precise theoretical modelling to describe the data. On this note, much work has
gone into developing 2-point matter and galaxy statistics for modified gravity models [37–60],
but studies are relatively limited for the 3-point statistics [61–70] with most of the analytic
works being restricted to a leading-order calculation, only valid at very large scales. In the
non-linear regime these studies have been largely restricted to simulations or phenomenolog-
ical models, with the exception of [70]. It is clear that the 3-point statistics will provide an
invaluable means of further constraining cosmology and deviations from GR [61, 71–73] and
can be used in tandem with the power spectrum. For this reason, an accurate, gravity-general,
non-linear theoretical prescription should be provided to large-scale structure survey pipelines.
Our objective in this work is to assess current non-linear theoretical models for the matter bis-
pectrum in modified gravity theories. We take a chameleon screened and Vainshtein screened
model as representatives of general scalar-tensor modifications, namely the Hu-Sawicki [74]
f(R) model and the DGP [75] braneworld model (in its scalar-tensor limit). These are well
studied toy models for modified gravity [14–16], which have been studied in detail with N -
body simulations [76] and abundantly tested against observations [16, 46, 77, 78]. They cover
both potential and derivative screening, encompassing the effects of cluster mass, environ-
ment, and density on the behavior of the screening mechanism. Additionally, f(R) gravity
exhibits a scale dependent growth of structure on linear scales, which further complicates the
modelling of the bispectrum. In the absence of a general fitting formula for the bispectrum
that would encompass the variety of modified gravity and dark sector models, we turn to the
halo model [79], which currently seems like the most general non-linear approach for structure
1http://kids.strw.leidenuniv.nl/
2https://www.darkenergysurvey.org/
3https://www.desi.lbl.gov/
4www.euclid-ec.org
5https://www.lsst.org/
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formation. We will find here that compared to the level of accuracy achieved for the power
spectrum, the halo model predictions for the modified gravity matter bispectrum are severely
lacking. Improvements will be left to future work, but avenues for such improvement are open
in light of recent developments on modelling modified gravity corrections to the GR power
spectrum [58]. Since we are interested in the small scale effects of modified gravity here, we
also inspect the lensing convergence bispectrum, which is an integrated effect over the matter
bispectrum and includes information from all scales.
Before moving on, we note that in [70] the authors compare various non-linear models for the
matter bispectrum, including the halo model, in a very theoretical context. The authors do
not compare these prescriptions in detail to simulations, which is the step this work makes.
Furthermore, we also compare variants of the halo model as well as halo model corrections to
ΛCDM fitting formulae, provide a full 1-loop bispectrum calculation in the relevant theoret-
ical predictions, and investigate the lensing convergence bispectrum.
The paper is organised as follows. In section 2 we briefly review the theoretical frameworks
that will be employed for our predictions: perturbation theory, the halo model and a fitting
formula. In section 3 we compare the predictions of these frameworks against N -body sim-
ulations. In section 4 we investigate the impact of non-linearities coming from modifications
to gravity on the lensing bispectrum. Finally, in section 5 we summarise our results and
conclude.
2 Theory: perturbations, halo model, fits and lensing convergence
We briefly review the theoretical aspects involved in computing the non-linear matter bispec-
trum for generalised theories of gravity. In particular, we consider three different frameworks
that can be used to predict the non-linear regime for theories beyond ΛCDM. We start in
the quasi non-linear regime with standard Eulerian perturbation theory (SPT) in section 2.1,
then extend to the non-linear regime with the halo model in section 2.2. Finally, in section 2.3
we look at a recently proposed ansatz [62] which takes information from N -body simulations
to make its predictions. We note that the first two frameworks are based on fundamen-
tal theory and so are more flexible in terms of theoretical generality regarding gravity and
the dark sector, whereas the last prescription is more restricted, only being valid for a subset
of the general scalar-tensor theories of the Horndeski [80] and beyond-Horndeski [81–84] class.
Although all the approaches described in this section are completely gravity and dark en-
ergy general, one of our main objectives is the comparison of the theoretical predictions with
simulations. Thus, we must first choose specific models for which to compare. We take the
DGP [75] and Hu-Sawicki [74] f(R) gravity models for which N -body simulations are readily
available [76]. These represent two distinct classes of modified gravity models: Vainshtein
screened [30] and chameleon screened [27].
2.1 Perturbation theory
Working at larger scales, but far inside the Hubble horizon, we can treat the density field, δ,
perturbatively (see [85] for a review). Here we can safely apply the quasi-static approximation
(see, however, [86] for complications in beyond-Horndeski models). In particular we make the
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assumption that the non-linear density and velocity perturbations are given as
δNL(k, a) =
∞∑
n=1
δn(k, a), θNL(k, a) =
∞∑
n=1
θn(k, a), (2.1)
with
δn(k, a) ∼
∫
d3k1...d
3knδD(k − k1...n)Fn(k1, ...,kn; a)δ0(k1)...δ0(kn), (2.2)
θn(k, a) ∼
∫
d3k1...d
3knδD(k − k1...n)Gn(k1, ...,kn; a)δ0(k1)...δ0(kn). (2.3)
a is the scale factor, δn denotes the nth order perturbation, δ0 is the primordial linear density
perturbation, δD is the Dirac delta function and k1...n = k1 + ... + kn. Fn is the nth order
kernel function6 that is calculated by solving the continuity and Euler equations order by
order
aδ′(k) + θ(k) = −
∫
d3k1d
3k2
(2pi)3
δD(k − k12)α(k1,k2) θ(k1)δ(k2), (2.4)
aθ′(k) +
(
2 +
aH ′
H
)
θ(k)−
(
k
aH
)2
Φ(k) =
−1
2
∫
d3k1d
3k2
(2pi)3
δD(k − k12)β(k1,k2) θ(k1)θ(k2), (2.5)
where a prime denotes a derivative with respect to the scale factor and Φ is the Newtonian
potential. The kernels α(k1,k2) and β(k1,k2) are the standard mode coupling kernels
α(k1,k2) = 1 +
k1 · k2
|k1|2 , β(k1,k2) =
(k1 · k2) |k1 + k2|2
|k1|2|k2|2 . (2.6)
Modifications to gravity enter through the Poisson equation
−
(
k
aH(a)
)2
Φ(k; a) =
3Ωm(a)
2
µ(k; a) δ(k; a) + S(k; a), (2.7)
where µ(k; a) is the linear modification to GR, while S(k; a) is a source term capturing non-
linear modifications, including those responsible for screening effects. The source term is
given by
S(k; a) =
∫
d3k1d
3k2
(2pi)3
δD(k − k12)γ2(k1,k2; a)δ(k1) δ(k2),
+
∫
d3k1d
3k2d
3k3
(2pi)6
δD(k − k123)γ3(k1,k2,k3; a)δ(k1) δ(k2) δ(k3)
+
∫
d3k1d
3k2d
3k3d
3k4
(2pi)9
δD(k − k1234)γ4(k1,k2,k3,k4; a)δ(k1) δ(k2) δ(k3)δ(k4).
(2.8)
6Note that F1 is simply the growth factor, D(a), under the Einstein-de Sitter approximation, the time
dependence of which is still determined by the modification to gravity (see [59] for example).
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The linear µ(k; a) and higher order γi modifications to GR can be derived once we specify a
particular theory. We refer the reader to [51, 61] for the forms of these functions in f(R) and
DGP. Further, we note that this framework is very general and can encompass exotic dark
energy models too (see [54] for example).
We calculate the Fi kernels numerically by solving eqs. (2.4) and (2.5) order by order, as
described in [51, 61, 87], and so do not use the analytic forms which can be obtained by using
the Einstein-de Sitter approximation as in [38]. One can then calculate the 1-loop matter
power spectrum and bispectrum [61]
P 1−loop(k; a) =F 21 (k; a)P0(k) + [P
22(k; a) + P 13(k; a)], (2.9)
B1−loop(k1, k2, µ; a) =B112(k1, k2, µ; a)
+ [B222(k1, k2, µ; a) +B
321(k1, k2, µ; a) +B
114(k1, k2, µ; a)], (2.10)
where P0(k) is the initial linear power spectrum and µ = (kˆ1 · kˆ2).7 The tree level (B112) and
one-loop terms (shown in square brackets) are defined using the density field perturbations
up to fourth order
〈δn1(k1)δn2(k2)〉 = (2pi)3δD(k1 + k2)Pn1n2(k1), (2.11)
〈δn1(k1)δn2(k2)δn3(k3)〉 = (2pi)3δD(k1 + k2 + k3)Bn1n2n3(k1,k2,k3), (2.12)
where we must add all permutations of the density field perturbations, δn, on the left-hand
side. The angled brackets denote an ensemble average and under the assumptions of per-
turbation theory these averages can be decomposed into a product of linear power spectra
convolved with the perturbative kernels. We direct the reader to [61] for a full description
of this procedure for general models of gravity and exotic dark energy models, including the
DGP and f(R) models considered in this paper.
2.2 Halo model
Next we summarise the key expressions of the halo model (see [79] for a comprehensive re-
view) in general theories of gravity [37, 43, 46, 47, 52, 58, 88]. This formalism assumes that
matter is confined to halos, whose key properties determine the clustering statistics on all
scales. As with perturbation theory, this framework is very general. We begin by describing
the collapse of spherically symmetric over-densities into halos.
2.2.1 Spherical collapse
We follow the Press-Schechter prescription [89], which traces the evolution of a spherical top-
hat over-density δ, with radius RTH in a homogeneous background spacetime. This evolution
is given by mass and momentum conservation equations, yielding [37]
R¨TH
RTH
= −4piG
3
[ρ¯m + (1 + 3w)ρ¯eff ]− 1
3
∇2Φ, (2.13)
where ρ¯m is the background matter density and ρ¯eff and w are the background energy density
and equation of state of an effective dark energy component respectively. In the modified
7Not to be mistaken for the linear modification to gravity, µ(k; a), which will always include its arguments.
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gravity theories considered in this paper ρ¯eff = ρ¯Λ is the energy density of the cosmological
constant, and w = −1. As in eq. (2.7), the modifications enter through the Poisson equation
∇2Φ = 4piG(1 + F)ρ¯mδ, (2.14)
with F depending on the theory of gravity (see Appendix A of [58] for the forms in DGP and
f(R) gravity, with F = 0 for GR).
The over-density evolves with the top hat as
δ =
(
Ri
RTH(a)
)3
(1 + δi)− 1, (2.15)
where Ri and δi are the initial top-hat radius and over-density respectively. For a given
time, acol, we look to find the δi that gives us gravitationally collapsed objects at that time
(RTH(acol) = 0). We can then approximate the over-density field at the time of collapse
by using linear theory δc(a) = D(a)δi/ai where ai is the initial scale factor and D(a) is the
first order perturbation theory kernel (see eq. (2.2)) in ΛCDM. Note that this is an effective
quantity for the modified gravity models.
In reality, collapse of over-densities is mixed together with the process of virialisation by
which these over-densities become stable bound objects, i.e. halos. One can solve the virial
theorem including any modified gravity or dark energy contributions to obtain the time of
virialisation, avir, (see Appendix A of [58]) to get the over-density at the time of virialisation
∆vir = [1 + δ(avir)]
(
acol
avir
)3
, (2.16)
which can then be used to obtain the mass of such a halo assuming sphericity,
Mvir =
4pi
3
R3virρ¯m,0∆vir, (2.17)
where ρ¯m,0 is the background matter density today. Rvir is the corresponding radius of this
halo. Using the quantities we have derived here, which are based on some simple assumptions
(sphericity of halos, confinement of all matter in halos, etc.), we can begin to construct the
matter statistics.
2.2.2 Halo model ingredients
To begin constructing any matter statistics there are a few quantities that we need to know or
provide a prescription for if we want to understand correlations within the halos themselves.
These are
1. The number density or abundance, nvir(Mvir), of halos of a given mass, Mvir. This is
directly related to the mass function.
2. The density profile of these halos, ρh(r,Mvir).
3. A measure of how concentrated mass is within the halo. This is usually parametrised
using the concentration parameter, cvir(Mvir).
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Note that all the essential quantities nvir, ρ and cvir are time dependent. In this work, we will
assume some popular ansätze for modelling these ingredients that have been shown to work
well for GR. Importantly, with some reinterpretation of the input variables, they have also
been shown to provide accurate descriptions for these quantities in DGP and f(R) gravity by
tests against N -body simulations [37, 43, 47, 58, 90–94]. Our choices will aim to determine
how general these ingredients can be, and if there is a need to finely tune them to particular
simulation measurements.
The halo mass function is given by
nvir ≡ dn
d lnMvir
= f(ν)
ρ¯m,0
Mvir
dν
d lnMvir
, (2.18)
where we have defined the peak threshold ν ≡ δc/σ, σ being the variance of the linear density
field smoothed with a top hat of comoving radius Rvir
σ2(Rvir, a) =
∫
d3k
(2pi)3
|W (kRvir)|2PL(k; a). (2.19)
W (k) represents the Fourier transform of a top-hat filter and PL(k; a) is the linear power
spectrum evolved to the scale factor a. We will consider two separate forms for the multiplicity
function f(ν). The Sheth-Tormen ansatz [95, 96] and the more recent Tinker et al. [97] ansatz:
fST(ν) =
1
ν
(
A
√
2
pi
qν2
[
1 + (qν2)−p
]
exp
[−qν2/2]) , (2.20)
fT(ν) = α
[
1 + (βν2)−2φ
]
ν4η exp (−γν4/2). (2.21)
The parameters of the ansätze fST(ν) and fT(ν) are calibrated to ΛCDM simulations. Good
fits were found for q = 0.75, p = 0.30, β = 0.589a−0.2, γ = 0.864a0.01, η = −0.243a−0.27
and φ = −0.729a0.08. Note that the Tinker mass function fits assume ∆vir = 200 and so we
impose this when using this expression. Furthermore, the constants A = 0.322 and α = 0.368
are normalisation constants obtained by imposing that all mass in the Universe is contained
in halos, i.e.
∫
dνf(ν) = 1.
For the density profile we take the Navarro-Frenk-White (NFW) profile [98]
ρh(r) =
ρs
r/rs(1 + r/rs)2
, (2.22)
where rs = Rvir/cvir. cvir is the concentration parameter (see eq. (2.24) and eq. (2.25)) and
ρs =
Mvir
4pir3s
[
ln (1 + cvir)− cvir
1 + cvir
]−1
. (2.23)
As for the mass function, we consider two forms for the concentration parameter: a simple
power-law expression [99] and a functional fit to the Bolshoi ΛCDM simulation [100]:
cPLvir (Mvir) =c0a
(
Mvir
M?
)−α0
, (2.24)
cBolvir (Mvir) = lim
k→0
9.2κc(a)F
1.3
1 (k; a)
(
Mvir
1012
)−0.09 [
1 + 0.013
(
Mvir
1012
F−14.441 (k; a)
)0.25]
,
(2.25)
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where c0 = 9 and α0 = 0.13, which are also obtained from fits to ΛCDM simulations. The
characteristic massM? is found by solving ν(M?) = 1. Note that due to the chameleon effect,
in f(R) gravity the extrapolatedM? will vary for different halo masses [43, 91]. Furthermore,
we adopt κc(a) = 1.26 for a = 1 and 0.96 for a ≤ 0.5 as in [101]. In f(R) we find that
introducing the scale dependence to the growth factor deteriorates the fit of cBolvir (Mvir) to
the simulations and so we take the large scale limit as indicated. Comparing the Bolshoi
concentration relation to the general power law will give an indication of the importance of
accurate concentration relations in modified gravity theories. On this note, we remark that
whereas in the power-law relation screening effects enter through M? via ν, the Bolshoi fit
includes no such screening information.
Using the halo model, we can construct the 3-point correlation statistic of matter, which
has three contributions, the so-called 1-, 2- and 3-halo terms, which correspond respectively
to having all three points within the same halo, two points in the same halo and the third in
a different halo, and three points in three different halos. Statistics between triplets of halos
can be modeled using linear theory, B112, or any quasi non-linear prescription, for example
the 1-loop bispectrum given in eq. (2.10), with corrections due to halo bias. We discuss this
now.
2.2.3 Halo bias
Since we have assumed that all matter in the Universe is confined to halos, and are con-
structing our matter statistics based on the spherical collapse of matter into halos, we must
model halo bias [79]. If we consider a tree level calculation in the bispectrum, we must con-
sistently consider the bias expansion up to second order. The bias terms are given as (for the
Sheth-Tormen and Tinker mass functions respectively) [96, 97, 102]
bST1 (ν) = 1 +
qν2 − 1
δc
+
2p
δc(1 + (qν2)p)
, (2.26)
bST2 (ν) = 2(1 + a2)(1− bST1 (ν)) +
qν2
δc
(
qν2 − 3
δc
)
+
2p
δc(1 + (qν2)p)
(
1 + 2p
δc
+ 2
qν2 − 1
δc
)
,
(2.27)
bT1 (ν) =
2φ
δc[(βν2)2φ + 1]
+
γν4 + δc − 2η − 1
δc
, (2.28)
bT2 (ν) =
2(42γν4φ+ 8δcφ− 84ηφ+ 42φ2 − 21φ)
21δ2c [(βν
2)2φ + 1]
+
21γ2ν8 + 8γδcν
4 − 84γην4 − 63γν4
21δ2c
+
−16δcη − 8δc + 84η2 + 42η
21δ2c
, (2.29)
where a2 = −17/21 and the other constants are given in the previous section following
eq. (2.21). Finally, we impose the following conditions in order to maintain consistency with
matter statistics at large scales∫ ∞
0
d lnMvir
Mvir
ρ¯
nvir(Mvir)b1(Mvir) = 1, (2.30)∫ ∞
0
d lnMvir
Mvir
ρ¯
nvir(Mvir)b2(Mvir) = 0. (2.31)
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Since in practice we do not perform the integral over the entire mass range, we apply the
method described in the Appendix A of [103] to ensure that the above consistency relations are
upheld when using the mass range adopted in our calculations, 5 ≤ log10Mvir ≤ 18. The low
mass range cannot generally be measured due to resolution of simulations/instrumentation.
We are now ready to present the halo model bispectrum.
2.2.4 Halo model bispectrum and power spectrum
The total halo model power spectrum is given by (see for example [79])
PHM(k) = P
2h(k) + P 1h(k), (2.32)
while the total halo model bispectrum is given by (see for example [79, 104])
BHM(k1, k2, µ) = B
3h(k1, k2, µ) +B
2h(k1, k2, µ) +B
1h(k1, k2, µ). (2.33)
We have dropped the time dependence within the arguments in the expressions for simplicity.
The individual terms are given by
P 2h(k) = I11(k)
2 P pt(k), (2.34)
P 1h(k) = I02(k, k), (2.35)
B1h(k1, k2, µ) = I03(k1, k2, k3), (2.36)
B2h(k1, k2, µ) = I12(k1, k2) I
1
1(k3) PL(k3) + 2 cyclic permutations, (2.37)
B3h(k1, k2, µ) = I11(k1) I
1
1(k2) I
1
1(k3) B
pt(k1, k2, µ)
+
[
I11(k1) I
1
1(k2) I
2
1(k3) PL(k1) PL(k2) + 2 cyclic permutations
]
+
[
I11(k1) I
1
1(k2) I
s2
1 (k3) S2(k1,k2) PL(k1) PL(k2) + 2 cyclic permutations
]
,
(2.38)
where u(k,Mvir) is the Fourier transform of eq. (2.22), k3 =
√
k21 + k
2
2 + 2k1k2µ, and we have
used the unified notation
Iβµ (k1, . . . , kµ) =
∫
d lnMvir
(
Mvir
ρ¯m,0
)µ
nvir
[
µ∏
i=1
u (ki,Mvir)
]
bβ (Mvir) . (2.39)
Also note that b0(Mvir) = 1. The last term in B3h is the tidal tensor bias term [105]. We use
the local Lagrangian assumption [106, 107] to rephrase Is
2
1 (k) in terms of I
1
1(k),
Is
2
1 (k) = −
4
7
[I11(k)− 1], (2.40)
and the S2 function is given in GR as
S2(k1,k2) = µ
2 − 1
3
, (2.41)
where we remind the reader that µ = (kˆ1 · kˆ2). We checked that this term is negligible in
GR for the dark matter field, and so we neglect it in our calculations. Note that in the large
scale limit this term is the same as in DGP with an overall rescaling, whereas for f(R) there
are additional scale dependencies. We do not expect these to boost this term significantly
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and so we also neglect it from our modified gravity calculations. Again, all integrations are
performed in the range of 5 ≤ log10Mvir ≤ 18.
Finally, P pt(k) and Bpt(k1, k2, µ) are the perturbation theory matter power spectrum and
bispectrum predictions. This should be the linear power spectrum (PL(k)) and tree level
bispectrum (B112(k1, k2, µ) in eq. (2.10)), henceforth called halo-tree, given we have only
included bias up to second order. In the this paper, although not fully consistent, we also
consider P pt and Bpt to be the 1-loop spectra, henceforth called halo-loop. We assume
that inaccuracies in the halo mass function for modified gravity theories will dominate over
neglecting higher order bias terms. A full treatment of bias up to fourth order in modified
gravity is beyond the scope of this paper but for a full treatment of bias at 1-loop order in
GR we forward the reader to [108].
In our analysis we will consider three different sets of halo model ingredients:
• The Sheth-Tormen mass function eq. (2.20) with the power-law virial concentration
given in eq. (2.24), denoted ST.
• The Tinker mass function in eq. (2.21) with the Bolshoi fit concentration in eq. (2.25)
as used in [102], denoted as Laz.
• The Tinker mass function with the power-law concentration, denoted as Tink.
2.3 Fitting formula for generalised scalar-tensor theories
We briefly review the fitting formula for the matter bispectrum proposed in [62] for a subset
of the Horndeski [80] and beyond-Horndeski [81–84] class of theories that exhibits a scale-
independent growth of structure on linear scales. The Horndeski and beyond-Horndeski
classes constitute the broadest class of theoretically viable modifications to GR based on
a single additional scalar degree of freedom in four dimensions.
In particular, the formula proposed in [62] is valid only for the subset of theories for which
the potential term in the equations of motion is only time dependent (and not a function of
scale). In this way one can adopt the Einstein-de Sitter approximation: the modification to
the second-order perturbation theory kernel comes in the form of time dependent scalings of
the Einstein-de Sitter GR second-order kernel. Note that this is not the case for f(R) gravity,
which includes a scale dependent potential term. So this fitting formula is not valid for f(R)
and we shall therefore only consider it for DGP and GR. We will however consider a fully
generalised halo model corrected version of this formula given at the end of this section (see
eq. (2.53)).
We begin by writing down the second-order kernel in (beyond-)Horndeski theories under
the quasi-static approximation
F2(k1,k2; a) = F1(a)
2
[κ(a)
2
[α(k1,k2) + α(k2,k1)]− 2
7
λ(a)(1− µ2)
]
, (2.42)
where again µ = (kˆ1 ·kˆ2), F1(a) is the linear growth factor and κ(a) and λ(a) are second-order
time dependent functions that are theory dependent. For Horndeski models we set κ(a) = 1
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and for GR κ(a) = λ(a) = 1. In [62], eq. (2.42) was extended to a non-linear prescription
based on the GR bispectrum fitting formula presented in [109],
F fit2 (k1,k2; a) =F1(a)
2
[(
κ(a)− 2
7
λ(a)
)
a¯(k1, a)a¯(k2, a)
+
κ(a)
2
µ
k21 + k
2
2
k1k2
b¯(k1, a)b¯(k2, a) + λ(a)
2
7
µ2c¯(k1, a)c¯(k2, a)
]
, (2.43)
where the non-linear prescription enters in the following functions,
a¯(k, a) =
1 + [σ8(a)]
a6
√
0.7Q(n(k))(qa1)
n(k)+a2
1 + (qa1)n(k)+a2
, (2.44)
b¯(k, a) =
1 + 0.2a3(n(k) + 3)(qa7)
n(k)+3+a8
1 + (qa7)n(k)+3.5+a8
, (2.45)
c¯(k, a) =
1 + [4.5a4/(1.5 + (n(k) + 3)
4)](n(k) + 3)(qa5)
n(k)+3+a9
1 + (qa5)n(k)+3.5+a9
, (2.46)
with
Q(x) = (4− 2x)/(1 + 2x+1) and n(k) = d logPL(k
′)
d log k′
|k. (2.47)
The various other quantities are q = k/kNL, where kNL is the scale where non-linearities start
to become important, determined by solving k3NLPL(kNL)/(2pi
2) = 1, and a1−9 are constants
that are determined by fitting to N -body simulations. We use the values found in [110],
which are determined from GR simulations, thus all screening information in this approach
is encoded solely in the modification of the F2 kernel given in eq. (2.42). The expression for
the non-linear bispectrum (henceforth called NBT) is given as
Bfit(k1, k2, µ; a) = 2F
fit
2 (k1,k2; a)PNL(k1; a)PNL(k2; a) + 2 permutations including k3,
(2.48)
where PNL is the non-linear matter power spectrum, which can be calculated from a pre-
scription of choice. As in [110], we employ the halo model based halofit formula [111–113] for
PNL, and simply replace the linear growth factors of ΛCDM with the modified counterparts.
Note that we treat the spurious oscillations in eq. (2.48) that arise from oscillations in n(k)
(due to baryon acoustic features) by employing the no-wiggle spectrum proposed in eq. (2.47)
of [114]. This was shown to be effective in [61]. We will refer to the case of κ(a) = λ(a) = 1
as GM after the authors of the fitting formula it reduces to in this limit [110].
For DGP
κ(a) = 1, λ(a) =
(
1− 7
2
F2,DGP (a)
F1(a)2
)
, (2.49)
where F2,DGP (a) is the second-order growth factor in DGP. F2,DGP (a) can be determined
from solving the following evolution equation [38],
LˆF2,DGP (a) = − H
2
0
24Ωrc
(
Ωm,0
a3
)
F1(a)
2, (2.50)
where Ωm,0 is the matter density parameter today. The operator, Lˆ, is given by
Lˆ ≡ a2H2 d
2
da2
+ aH2
(
3 +
aH ′
H
)
d
da
− 8piGρm
2
(
1 +
1
3β
)
, (2.51)
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with
β(a) = 1 +
H
Ωrc
(
1 +
aH ′
3H
)
, (2.52)
Ωrc = 1/(2H0rc)
2 and rc being the cross-over scale, taken as a free parameter of DGP theory.
Finally, for the power spectrum comparisons in this paper, we will also compare the halofit
formula. For modifications to GR one can apply a reaction [58] to this formula to account for
non-linear modifications to gravity. This method involves the one and two halo terms, com-
bined with 1-loop perturbation theory, to compute a correction factor, R, encoding non-linear
modifications to gravity. It also involves a so called non-linear ‘pseudo’ power spectrum that
includes modified gravity effects only in the linear power spectrum. We refer the interested
reader to the original paper for more details. Here we use the ST prescription to compute
the one and two halo model terms in the R computation, as in the original paper.
Somewhat similarly, for the bispectrum comparisons, we will show eq. (2.48) as well as the
halo model corrected version of the GR limit of this formula (GM)
BGM,corrected = Bfit,GMGR ×
BMG,HM
BGR,HM
, (2.53)
where the subscript MG indicates the computation is done in a modified gravity theory (DGP
or f(R) in this work) and HM refers to the halo-tree model. Since the bispectrum relies on
three wave vectors, an ansatz for a sophisticated correction, such as the power spectrum
reaction in [58], is non-trivial, and is left for a future work.
2.4 Convergence bispectrum
Outside of N -body simulations, one does not directly measure the matter bispectrum. Yet
the matter bispectrum is the core ingredient for several observable quantities such as the
galaxy clustering bispectrum (see [115] for example) or the lensing convergence bispectrum.
The signatures of modified gravity are largest at scales larger than the screened regime but
small enough so that fifth force effects are strong [116]. Which scales this corresponds to ex-
actly is highly model dependent, and so in this paper we focus our attention on weak lensing
statistics, which in principle probe all scales. We note that galaxy clustering will also be an
invaluable and complementary probe into gravity as it encodes valuable velocity information
(for example see [117–120]), but this requires redshift space modelling as well as galaxy bias
modelling. Because of this, clustering models are usually restricted to the quasi non-linear
regime [121–123].
Gravitational lensing of background galaxies by the intervening matter distribution between
the source and the observer, induces a magnification or convergence of the images of the source
galaxies. The lensing convergence bispectrum gives a measure of the correlation in triplets
of points in these convergence (magnification) maps. Therefore, the convergence bispectrum
probes the bispectrum of intervening matter, projected along the line of sight.
Here we provide the theoretical expression for the weak lensing convergence bispectrum which
requires a proper modelling of the matter bispectrum (see [124] for a review). This is given
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in the flat-sky limit as
B`1`2`3 =
∫ χ?
0
dχ
[
3Ωm,0H
2
0
2a(χ)
]3
χ2W 3(χ, χ?)Bδ(`1/χ, `2/χ, µ; a(χ)), (2.54)
where Bδ denotes the matter bispectrum, χ is the comoving distance, χ? denotes the distance
to the source and the window function W is given by
W (χ, χ?) =
χ? − χ
χχ?
. (2.55)
Note that the form of the lensing spectrum is unaltered in the theories of gravity we consider
(see [15] for a review on this topic). We will consider eq. (2.54) in section 4 once we deter-
mine the most accurate matter bispectrum models among the ones discussed here, through
comparison against measurements from N -body simulations. This will be done next.
3 Matter spectra: comparisons to simulations
In this section we compare the theoretical predictions outlined in section 2 to measurements
from N -body simulations. These simulations are detailed in [58] and we provide a brief
summary here. They were run using ECOSMOG [125, 126] and are dark matter only, with
10243 particles in a box of side length 512Mpc/h. The initial conditions are generated using
2LPTic [127] at zini = 49, and the phases for the initial density fields are the same for all
simulations to reduce the effect of cosmic variance. The linear power spectrum, generated
using CAMB [128], has the following flat cosmology: Ωm = 0.3072, ΩΛ = 0.6928, h = 0.68,
Ωb = 0.0481, σ8(z = 0) = 0.8205, and ns = 0.9645.
The modified gravity simulations come with an additional parameter. For f(R) gravity we
have |fR0| = 10−5 (we denote this as F5 in plot legends and labels) and for the DGP simu-
lation H0rc = 0.5. These parameter values exhibit significant modification compared to the
current constraints on these models (for example [129, 130]), but are large enough to provide
a good test for the theoretical modelling of modified gravity, which is a core objective of this
work. Further, as we are primarily interested in the late-time Universe, and in particular
in the galaxy lensing, we consider the redshifts z = 0.2, 0.5, 1 and 1.5 for the ΛCDM and
f(R) cases. These redshifts were chosen based on the target source galaxies for future lensing
surveys and target redshift range for galaxy clustering measurements, for example with the
upcoming Euclid satellite [34]. Note that for DGP, we only have snapshot data available at
z = 0 and 1, and so these comparisons are restricted.
To measure the power spectrum and bispectrum from these simulations we use FFT-based
estimators with Ngrid = 1024, combined with the interlacing algorithm from [131]. For the
bispectrum, we measure only the equilateral triangle bins with bin centres from kmin = 6kf to
kmax = 336kf with bin width ∆k = 6kf , where kf ≡ 2pi/L. In this section, unless otherwise
stated BRef will refer to the N -body simulation measurements.
Since we only have a single realisation for each model (GR, f(R) and DGP), we choose
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to model the errors using the Gaussian variance [45, 132, 133]
σp(k) =
2piP (k)
k
√
∆kV
, (3.1)
σb(k1, k2, k3) =
√
V sbP (k1)P (k2)P (k3)
N∆
, (3.2)
where V = 5123Mpc3/h3, P (k) is the non-linear matter power spectrum measured from the
simulations, N∆ is the number of fundamental triangles in the bin and ∆k is the bin width.
We have sb = 6 since we only consider equilateral triangle bins, but it can otherwise be 2 or
1 for isosceles and scalene triangle bins, respectively. In all plots we show the 2σ error bars.
3.1 Power spectrum results
We begin by testing our setup with measurements of the power spectrum. Various power
spectrum predictions for modified gravity have already been compared against simulations
(see [58] and references therein or [46] for a review on approaches in chameleon gravity). In
particular, we highlight the reaction-corrected fitting formulae approach of [58], which estab-
lished a generalised and accurate modelling procedure. We provide these results for reasons
of completeness and as a means of checking the consistency of the best halo model ingredi-
ents when comparing the bispectrum in section 3.2. The power spectrum results also provide
a good comparison for the levels of accuracy between the state-of-the-art modelling of the
bispectrum and power spectrum in modified gravity theories.
The upper panel of figure 1 shows the ratio of the theoretical predictions to the N -body
measurements for ΛCDM. The lower panel focuses on halo model predictions, testing the
different prescriptions for the mass function and virial concentration laid out in section 2.2.4.
From the upper panels of figure 1, we see that by far the most accurate prescription is halofit,
being within 5% accurate up to k = 4h/Mpc. The perturbative predictions break down
at small scales and low redshift, as expected. The 1-loop prediction performs worse than
the 10% level at k ∼ 0.2h/Mpc and z = 0.2 but remains within 5% for k ≤ 1h/Mpc and
z = 1.5. Finally, we note that the halo-tree model does fairly well at low redshifts whereas the
halo-loop model does better at high redshifts, again an expected result given the low redshift
divergent behaviour of the loop expansion (see [134] for example). Both are worse than the
10% level over scales of k ≥ 0.3h/Mpc at all redshifts. The lower panels show the halo-tree
predictions for ST (red crosses), Laz (blue circles) and Tink (green triangles) choices of halo
model ingredients. It is clear that the Tinker mass function with the power-law concentration
(Tink) does the best overall but still shows deviations of up to 40% at k ∼ 1h/Mpc at high
redshifts. We have also checked that the halo-loop model does worse than the halo-tree model
for all choices of mass function and concentration for z < 1 with the two being comparable
for z ≥ 1 in the ST case.
Figure 2 shows the power spectrum results for f(R) gravity. These are qualitatively similar to
the ΛCDM results. Again we find that the Tinker mass function combined with a power-law
virial concentration is the best prescription when considering the halo model. Here we also
consider the halofit formula by simply replacing all linear power spectra with the linear f(R)
power spectrum. This prescription still does better than the pure halo model prescriptions,
despite the formula not being fit to f(R) simulations. This prediction can be improved even
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Figure 1: Comparison of the models of the matter power spectrum with N -body simulations,
at z = 0.2, 0.5, 1 and 1.5 (left to right) in GR. The top panels show the ratio of the N -body
measurements to the linear theory and 1-loop perturbative predictions (green crosses and blue
pluses), the halofit formula (magenta full pluses) and the halo-tree and halo-loop (red and
orange triangles) for the ST mass function. The bottom panels show the ratio of the N -body
measurement to halo(-tree) model predictions for various choices of mass function and virial
concentration. These choices are ST and power law (red triangles), Tinker and Bolshoi (blue
circles) and Tinker and power law (green pluses). The dashed and dotted lines denote 10%
and 5% deviations respectively. The error bars are given by eq. (3.1).
further by including the ‘reaction’ correction as described at the end of section 2.2.4 and in-
troduced in [58]. We show both the reaction corrected and uncorrected halofit spectra in the
upper panels as magenta pluses and purple stars respectively. The corrected halofit spectrum
remains within ∼ 5% of the simulation measurements up to k = 4 h/Mpc for all redshifts
considered whereas the best halo model prescription shows deviations of up to 30% at z = 1.5,
where it performs worst.
Figure 3 shows the power spectrum results for DGP. These are again qualitatively similar
to the f(R) results with the reaction-corrected halofit approach performing the best, main-
taining almost percent-level accuracy at all scales and both redshifts (these results are not
new, see [58]). Again Tinker with power-law concentration (Tink) does the best among the
pure halo model approaches.
Figure 4 shows the ratio of the f(R) spectra to their ΛCDM counterparts. We see that
the fitting formulae model the ratio very well with the halo-tree performing well at small and
large scales but showing ∼ 10% deviations on scales of 0.2h/Mpc ≤ k ≤ 3h/Mpc, where the
power spectrum transitions between the 2- and 1- halo terms. Figure 5 shows the same ratio
at z = 0 and 1 for DGP, where we have normalised the ratio to unity at large scales. Here
we find that all matter power spectrum prescriptions model the ratio fairly well, with the
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Figure 2: Same as figure 1 but in f(R) gravity with |fR0| = 10−5 (F5). We additionally
show the corrected halofit formula using the reaction approach described in [58] (magenta
pluses) as well as the uncorrected halofit formula (purple stars).
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Figure 3: Same as figure 1 but for DGP gravity with H0rc = 0.5. In this case we only have
N -body measurements at z = 0 (left) and z = 1 (right). As in figure 2, we additionally show
the corrected halofit formula using the reaction approach described in [58] (magenta pluses)
as well as the uncorrected halofit formula (purple stars).
1-loop perturbation theory prediction doing the worst overall, showing ∼ 10% deviation at
k ∼ 3h/Mpc at z = 1 . This is somewhat expected as the dominant modification at z = 1
comes from the overall re-scaling of the linear growth factor. The 1-loop shows much larger
deviations at z = 0 where it suffers from divergences.
Finally, we remark that figure 4 and figure 5 highlight a merit of the pure halo model:
modelling the modification to GR. The halo-tree does fairly well in both f(R) and DGP in
– 16 –
10 1 100
k [h/Mpc]
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
P F
5/P
GR
z=0.2
10 1 100
k [h/Mpc]
z=0.5
10 1 100
k [h/Mpc]
z=1
10 1 100
k [h/Mpc]
z=1.5
N-body
Tree
1-loop
Fit
halo-tree (Tink)
halo-loop (Tink)
Figure 4: The ratio of the matter power spectrum in f(R) to the same quantity in ΛCDM.
Simulations are shown as full black crosses, tree level as green crosses, the 1-loop power
spectrum as blue pluses, the halo-tree and halo-loop as red down and orange up triangles
respectively, and the halofit formulae as magenta full pluses. We use the reaction corrected
halofit formula for f(R) and use a Tinker mass function with a power-law concentration for
the halo model predictions. The ratio is shown for redshifts z = 0.2, 0.5, 1 and 1.5 from left
to right.
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Figure 5: Same as figure 4 but showing the ratio of DGP gravity to ΛCDM, and at z = 0
and z = 1. Note that we have normalised all DGP spectra to match ΛCDM at large scales
for better viewing. The ratio of the linear spectra are almost a constant over all scales.
modelling this modification, which can then be used to rescale an accurate prediction for the
ΛCDM power spectra, as done in the more sophisticated reaction approach [58]. Such accu-
rate predictions for the ΛCDM power spectrum are readily available in the form of emulators
[135, 136]. We note here that such emulators for the bispectrum are not available and it is yet
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to be seen if the pure halo model approaches can model this modification to GR accurately.
On this note, we move on to our bispectrum results.
3.2 Bispectrum results
We now present the results for the bispectrum. We only consider the equilateral configuration.
This is motivated by [61] where it was shown to have the largest signal of modified gravity in
the quasi-non-linear regime. This may not be true in the fully non-linear regime, but testing
general shapes is computationally difficult in modified gravity and beyond the scope of this
initial study. Further, this shape was found to be negligibly affected by binning [62] which
we do not consider here.
The figures in this subsection follow a similar format to those in the previous subsection (see
for example figure 1), generally showing the ratios of the theoretical predictions to N -body
measurements. Upper panels show perturbative predictions, the fitting formula of [62, 110]
(eq. (2.48)), the corrected GM fitting formula (eq. (2.53), for DGP and f(R) only) and the
halo-tree and halo-loop ST models (recall that these employ the Sheth-Tormen mass function
and a power-law virial concentration). Lower panels show the same ratio but the theoretical
predictions are for different halo model prescriptions. For the corrected GM formula, we use
the Tink prescription for the correction factor in eq. (2.53) as it was shown to perform the
best in power spectrum comparisons.
Figure 6 shows the results for ΛCDM. The GM fitting formula (magenta pluses) outperforms
all other predictions, staying within 15% of the measurements at all scales and redshifts con-
sidered. In contrast, the tree and 1-loop perturbative predictions diverge very quickly from
the measurements. The halo-tree model again does better than the halo-loop model at large
scales and z = 0.2, but for z ≥ 0.5 halo-loop outperforms halo-tree. However, halo-loop still
shows 40% deviations at k = 4h/Mpc and z ≥ 1. In the lower panels we now show both
halo-loop and halo-tree predictions for the various halo model prescriptions. As with the
power spectrum we find that the Tinker mass function outperforms the Sheth-Tormen mass
function but it is unclear which virial concentration does best for the scales and redshifts
considered.
At low redshift the 1-loop bispectrum suffers from divergences common to the SPT ap-
proach [134]. Motivated by this, we have also checked for improvement of the halo-loop
prediction by introducing the resummation prescription of [137, 138]. We find that at z ≥ 0.5
it performs worse than the 1-loop SPT prescription and is comparable in accuracy to the
tree-level prediction at z = 0.2.
Figure 7 shows the results for f(R) gravity. Qualitatively, the results are the same as those
for ΛCDM except for the improvement of the power-law (Tink) over the Bolshoi concentra-
tion (Laz) in the bottom panels. This may be understood in part through the exclusion of
any scale dependent growth 8 (eq. (2.25)) or mass dependence of M?. Furthermore, the time
evolution is completely fit to that of GR. The difference between Laz and Tink prescriptions
indicates the importance of a general concentration relation for theories beyond GR. We find
that the GM-corrected model, which multiplies the ΛCDM non-linear GM formula with a
8Recall that we take the small k limit of F1(k; a), which in f(R) gravity is simply the GR growth factor.
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Figure 6: Comparison of the models of the equilateral matter bispectrum with N -body
simulations at z = 0.2, 0.5, 1 and 1.5 (left to right) in GR. The top panels show the ratio of the
N -body measurements to the linear theory and 1-loop perturbative predictions (green crosses
and blue pluses), the GM fitting formula (magenta full pluses) and the halo-tree and halo-loop
(red and green triangles) for the ST mass function. The bottom panels show the ratio of
the N -body measurement to halo model predictions for various choices of mass function and
virial concentration as well as using linear/1-loop bispectra in the 3-halo term. These choices
are ST and power law (red crosses/orange triangles), Tinker and Bolshoi (cyan dots/blue
circles) and Tinker and power law (lime crosses/green pluses). The dashed and dotted lines
denote 10% and 5% deviations respectively. The error bars are given by eq. (3.2).
ratio of halo-tree (Tink) models (see eq. (2.53)), does the best overall, staying within 20%
accurate for all scales and redshifts considered. This is comparable to the GM formula in the
ΛCDM comparisons.
Figure 8 shows the results for DGP gravity. The NBT formula, eq. (2.48), performs the
best, staying mostly within ∼ 10% at z = 0 and diverging significantly beyond 10% at
k > 2h/Mpc at z = 1. We have also checked the performance of the GM formula, where we
set κ(a) = λ(a) = 1 in eq. (2.48) but keep the linear growth factor of DGP. We find that
the improvement provided by λDGP(a) is negligible for all scales and redshifts considered.
Further, we also show the corrected GM formula and find that it does slightly better over
all scales at z = 1 and equally well at z = 0 than the NBT formula. From the halo model
prescriptions, the halo-loop with a Tinker mass function and power-law concentration does
very well at z = 1 whereas the halo-tree with the same choices of ingredients does very well
at z = 0. Again, SPT divergences at low redshift are probably to blame for this.
As for the ΛCDM case, we have also checked whether using the resummed 1-loop bispec-
trum improves the halo-loop prediction at all redshifts but find that it performs comparably
to the halo-tree case at z = 0 and does significantly worse for z ≥ 0.5.
Finally, figure 9 shows the ratio of the f(R) to ΛCDM matter bispectrum predictions. In this
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Figure 7: Same as figure 6 but for f(R) gravity with |fR0| = 10−5 (F5). Here the purple
crosses show the corrected GM formula.
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Figure 8: Same as figure 7 but for DGP gravity with H0rc = 0.5. Here the magenta pluses
show the NBT formula.
way, inaccuracies in the spectrum modelling are reduced and we have a better measure of the
accuracy of the gravitational modelling (note that the simulations have the same initial seeds
so cosmic variance is essentially cancelled by taking the ratio). Here we see that the halo-tree
and halo-loop models do fairly well in modelling the gravitational effects in f(R) gravity, at
all redshifts. This is reflected in the accuracy of the corrected GM formula showed in purple
in figure 7. Similarly, figure 10 shows the ratio of the DGP predictions to ΛCDM at z = 0
and 1. We normalise the curves to the ratio of the tree level predictions at large scales since
within DGP the linear growth factor sees a constant enhancement with respect to ΛCDM.
The tree level ratio is almost constant over all scales considered showing that second-order
non-linearities introduced by screening effects are negligible. Importantly, we find here that
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Figure 9: The ratio of the equilateral matter bispectrum in f(R) gravity to the same quantity
in ΛCDM. Simulations are shown as full black crosses, tree level as green crosses, the 1-loop
bispectrum is as blue pluses, the halo-tree and halo-loop are as red down and orange up
triangles respectively. We use a Tinker mass function with a power-law concentration for the
halo model predictions. The ratio is shown for redshifts z = 0.2, 0.5, 1 and 1.5 from left to
right.
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Figure 10: Same as figure 9 but showing the ratio of DGP gravity to ΛCDM and at z = 0
and z = 1. We also show here the ratio of the fitting formulae as magenta circles. Note that
we have normalised all DGP spectra to match ΛCDM at large scales for better viewing.
the halo model performs better than the fitting formulae at modelling the ratio, and that
there is little difference (at least at z = 1) between halo-tree and halo-loop at scales above
k ∼ 1h/Mpc.
The GM-corrected formula does relatively well for both DGP and f(R), reflected in the
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accuracy of the halo-tree curves in figure 9 and figure 10. These plots also suggest that an
improved correction, such as the reaction method, may be a promising approach to improve
the modelling of the bispectrum. The reaction method relies on the halo model to give the
correction to non-linear gravitational dynamics in modified theories, and we find here that
the halo model seems to do this sufficiently well for the bispectrum.
4 Lensing bispectrum: impact of non-linearities and inaccuracies
In this section we compare various models for the matter bispectrum at the level of the lens-
ing convergence (see eq. (2.54)). This gives us an indication of the impact of inaccuracies in
modelling the matter bispectrum on the lensing convergence bispectrum.
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Figure 11: Upper panels show the equilateral bispectrum lensing convergence spectrum
in ΛCDM for four prescriptions for the matter bispectrum: tree level (green crosses), GM
fitting formula (magenta circles), halo-tree with Tinker mass function and power-law virial
concentration (red down triangles) and halo-loop (orange down triangles) with the same
ingredients as a function of multipole `. The bottom panels plot the ratio of the models with
the GM formula. We include the results for three different source redshifts z? = 2 (left),
z? = 1.5 (middle) and z? = 1 (right).
In figure 11 we consider ΛCDM for three different source redshifts, z? = 2 (left), z? = 1.5
(middle) and z? = 1 (right). We show the equilateral configuration for the lensing bispectrum
for four prescriptions for Bδ: tree level, the GM fitting formula, the halo-tree model and
the halo-loop model, both using Tinker mass function and power-law concentration. In the
absence of ray tracing simulations and given that the GM formula is by far the most accurate
model for the matter bispectrum we have, it sets a good benchmark with which to compare
the other prescriptions. Testing the GM formula against high quality simulations for different
lensing bispectrum shapes is the focus of an upcoming paper [139], where it has been shown
to be very accurate for ` ≤ 2048 for the equilateral case at the source redshifts considered
here. The ratio of the GM lensing bispectrum with the other prescriptions is given in the
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bottom panels. The tree level diverges at extremely small multipoles whereas the halo-tree
remains at an almost constant offset of ∼ 10% for all source redshifts. The halo-loop on the
other hand does badly (up to ∼ 30% deviation) at small multipoles but for ` > 750 remains
within 10%.
In figure 12 we plot the results for DGP, which are again qualitatively the same as the
ΛCDM results. Taking the NBT formula as our benchmark in accuracy, we again see a con-
stant 10% deviation of the halo-tree for ` > 150 while the halo-loop becomes more accurate
than this at ` ≥ 750 at source redshift z? = 2 and slightly lower at z? = 1. We see that
the NBT and GM-corrected models are within 5% of each other at all multipoles consid-
ered reflecting their similarity at the matter bispectrum level. We do not show the pure f(R)
spectra as we do not have a significantly accurate prescription for the f(R) matter bispectrum.
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Figure 12: Same as figure 11 but for DGP gravity. The magenta circles are now the NBT
formula and the purple full crosses are the GM-corrected prescription.
Furthermore, we inspect the ratios of the modified lensing spectra to those of ΛCDM. We
will also consider errors coming from the lensing bispectrum variance, specifically from the
Gaussian contribution [140, 141]. For the equilateral shape, these are given by
σequilateralb (`) =
√
6
[C` + σ2 /n¯]
3
N``` Ωs(∆`)3
, (4.1)
with Ωs = 4pifsky, fsky being the sky coverage of the survey. C` is the angular power spectrum,
σ denotes the shape noise parameter, n¯ represents the projected number density of source
galaxies per steradians, ∆` is the bin width and N``` is given by [142]
N`1`2`3 =
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
(
`1 `2 `3
0 0 0
)2
, (4.2)
where for theWigner-3j symbol we adopt the Stirling approximation (see Appendix A of [143]).
We take the central value of the bin when computing N```. Further, it is assumed that N`1`2`3
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varies slowly within the bin width, so that the binned number of triplets
∑
`i∈bini N`1`2`3 can
be approximated with N```(∆`)3.
To give an indication of the power of the next generation of surveys to detect signals of modi-
fied gravity we choose parameters representative of Euclid : n¯ = 30gal · arcmin−2, fsky = 0.36
and σ = 0.3 [34, 144]. We take a bin width of ∆` = 100. Again we quote the 2σ errors in
our plots.
In figure 13 the ratio of the equilateral lensing bispectrum of DGP (top panels) and f(R)
(bottom panels) to that in GR are given. Plotted are these ratios for halo model prescriptions
for the matter bispectrum (halo-tree as blue crosses and halo-loop as green squares) for three
different source redshifts, z? = 2, 1.5 and 1. The GR prediction is given using the GM fitting
formula for the matter bispectrum. We also show the NBT formula for DGP as magenta
circles and the GM-corrected formula for f(R) as purple crosses. We do not show the GM-
corrected formula for DGP, which is almost the same as the NBT formula (see figure 12) to
avoid filling the plot unnecessarily. For the DGP plots we normalise the ratio to unity at
` = 2. Finally, also shown are the 2σ errors as given by eq. (4.1) as an orange band. The
beige band includes an additional 10% modelling error motivated by the halo-tree inaccuracy
indicated in figures 11 and 12.
In figure 11 and figure 12, we found the halo-tree model to be ∼ 10% accurate at most
multipoles, while the halo-loop model was more accurate than this at multipoles ` & 750
for GR and DGP. The signal of modification in both the f(R) and DGP models is above
the bispectrum variance below scales when the halo-loop modelling is used, but halo-tree
predictions lie within or close to the error bars for most source redshifts and multipoles. In
the DGP case, the fitting formulae ratio shows an intermediate signal, larger than halo-tree
but smaller than halo-loop. Despite this, we note that in the DGP case the linear growth
factor is enhanced but degenerate with σ8, and so most of these enhancements can effectively
be absorbed through a rescaling of σ8. The GM-corrected formula in the f(R) case remains
above both sets of error bands at almost all scales.
Finally, figure 13 seems to indicate that for f(R) gravity low source redshift is slightly prefer-
able in testing this model, with a larger deviation from GR being exhibited. For DGP, the
halo-tree predicts more of a signal at low source redshift whereas the NBT formula predicts
a larger signal at high source redshift, although at high redshifts the NBT formula becomes
less accurate (see right panel of figure 8).
Given the lack of accuracy in the matter bispectrum theoretical prescriptions, we refrain
from making any definitive recommendations for a particular choice of model. However, we
note that the predicted strength of a modified gravity signal in figure 13 is strongly depen-
dent on the choice of model, indicating that modified gravity constraints from the lensing
bispectrum would not be robust to the theoretical error introduced by the models that we
have explored here. In particular, for f(R) gravity at z? = 1, we note the GM-corrected and
halo-tree predictions lie outside and inside the error bands respectively, whereas in figure 7
we see that these models differ only slightly in accuracy below z = 1.5. This indicates that
more accurate modelling may be needed for future lensing bispectrum pipelines.
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Figure 13: The ratio of the equilateral lensing convergence bispectrum in DGP (top panels)
and f(R) (bottom panels) to the same quantity in ΛCDM. The ΛCDM values are computed
using the GM fitting formula for the matter bispectrum. For the modified gravity models we
show the halo-tree (blue crosses), halo-loop (green squares), NBT fitting formula (magenta
circles, DGP only) and GM-corrected formula (purple full crosses, f(R) only). We use a
Tinker mass function with a power-law concentration for the halo model predictions. The
ratio is given for source redshifts z? = 2, 1.5 and 1 from left to right. The orange error bands
are the 2σb errors, where σb is given by eq. (4.1), while the beige error bands also include
a 10% modelling error, added in quadrature. For the DGP plots we normalise the ratio to
unity at ` = 2.
5 Summary
We have assessed various theoretical modelling approaches for the matter bispectrum in the
non-linear regime of structure formation for some extensions to ΛCDM, essentially extending
the work done in [61] to small scales and to a lesser extent, extend the work of [70] to valida-
tion against simulations. In particular we consider the chameleon screened Hu-Sawicki form
of f(R) gravity and the Vainshtein screened DGP braneworld model. We compare predictions
from the tree level and 1-loop Eulerian perturbation theory, halo model and fitting formu-
lae against measurements from full N -body simulations at redshifts relevant for upcoming
observations. Furthermore, we test the performances of the Sheth-Torman and Tinker halo
mass functions as well as a power-law virial concentration and the ‘Bolshoi’ simulation con-
centration in modelling the two and three point statistics for the considered gravity models.
In our comparisons we only consider the equilateral configuration based on the conclusions
of [61] which show that this configuration is sensitive to modifications of gravity in the quasi
non-linear regime. We summarise the scales at which the various models for the matter bis-
pectrum remain within 10% of the N -body measurements in table 1.
Within the pure halo models we find that the Tinker mass function combined with a power-
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law virial concentration relation performs the best overall, for both power and bi-spectra and
for all gravity models. This provides a good indication of consistency of the halo model itself
as well as the robustness of these ingredients when changing the law of gravity. The Bolshoi
concentration does comparatively well but only for GR, reflecting the fact that this form
is finely tuned to ΛCDM simulations. The halo model still shows up to 40% disagreement
with the simulations for the bispectrum for particular regimes of structure formation and
redshifts. We find halo-tree does well at low redshifts while halo-loop performs better at high
redshifts. This behaviour reflects the badly controlled loop expansion of SPT at low redshift.
Improvements to the halo model have been made for GR (see [102] for a comprehensive anal-
ysis), but all of these fail in some regime of structure formation or cosmic time, particularly
in the transition regime between the 1-halo and 3-halo terms. Furthermore, some of these
improvements rely on higher-order perturbation theory computations [145, 146]. The 1-loop
bispectrum in modified gravity is very time consuming to compute [61] and is not well suited
for survey analysis pipelines which will require thousands of bispectrum computations. On
the other hand, the halo-tree model has been shown to provide a reasonable fit to the ratio of
modified gravity to ΛCDM bispectrum measurements, which can be used to correct ΛCDM
specific non-linear bispectrum prescriptions.
We find that the GM and NBT fitting formulae provide the most accurate descriptions of the
matter bispectrum. These rely heavily on simulations and so do not offer much in the way
of generality. In fact, for f(R) gravity there is no such fitting formula for the bispectrum.
Instead, we have checked the performance of multiplying the ratio of halo-tree predictions
(in modified gravity to that in ΛCDM) to the GM fitting formula for both DGP and f(R).
We find that this prediction is comparable to the NBT formula for DGP and does far better
overall at modelling the measurements than any other prescription for f(R). This makes this
halo-tree GM-corrected formula the current state of the art model for gravity general, non-
linear matter bispectrum predictions. We also note that this prescription is more general than
just modifications to gravity, but can encompass non-standard dark energy models too.
For the power spectrum, the reaction approach adopted in [58] provides a combined pertur-
bation theory-halo model inspired correction to GR-specific non-linear power spectra, which
is more sophisticated that the simple ratio of halo model predictions. This results in sub
10% accuracy9 in the power spectrum for all models considered, at all redshifts and all scales.
Such a reaction approach has not been developed for 3-point statistics yet, which becomes
motivated by our results, and constitutes a timely endeavour with stage IV surveys already
beginning to take data. The reaction method is fast and accurate and provides a promising
avenue for improvement in this sphere of study. We leave this development for future work.
Finally, we investigate the impact of non-linearities and inaccuracies in the matter bispectrum
on the weak lensing convergence bispectrum for the equilateral configuration. This quantity
is closer to what we actually observe from real surveys and so is more relevant to study. For
GR and DGP we use the fitting formulae as a benchmark in accuracy. We summarise the
results in table 2. For both models of gravity, the halo-tree maintains a constant ∼ 10% dis-
crepancy with the fitting formulae whereas the halo-loop shows up to 25% discrepancy with
the fitting formulae at small multipoles. It does become more accurate than the halo-tree
9Only f(R) exits the 5% accuracy regime at high redshift and small scales. This can be improved by
providing a better non-linear prescription than halofit [58, 147].
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prediction for scales above ` ∼ 650. This reflects the large inaccuracies of the halo-loop at low
redshift at small k, making it largely unsuitable for use in lensing. For f(R) gravity we have
no overarchingly accurate matter bispectrum prescription and so we do no such comparisons.
We also compare the ratio of the modified gravity convergence bispectra predictions to that
in GR with the GM formula applied. A similar study was conducted using the NBT formula
in [62, 148] for the CMB lensing bispectrum with the main conclusion that Horndeski the-
ories with no scale dependent potential term (as assumed for the NBT fitting formula) will
give little to no observational signal in upcoming CMB experiments. This assumes that the
growth factor is the same as in ΛCDM, but in practice this is degenerate with σ8. Using
a combination of clustering and weak lensing measurements, this degeneracy can be partly
broken. We find that the signals of modified gravity in the lensing bispectrum vary signifi-
cantly, relative to Euclid like error bars, depending on the modelling choice that is adopted for
the matter bispectrum. More accurate models of the matter bispectrum in modified gravity
models are therefore needed, which will be the subject of future work. Despite the gravity
model parameters we have chosen being ruled out by current observations, there seems to be
some prospect for the weak lensing bispectrum to provide a useful probe into modified gravity
signatures.
In future work we aim to provide a more accurate, general and computationally efficient pre-
scription for the non-linear matter bispectrum, that improves upon the halo-tree corrected
GM formula we have tested. We also await ray-tracing simulation measurements in modified
gravity to further investigate signals of deviations to GR in weak lensing statistics. Further,
various improvements to the halo model ingredients for beyond ΛCDM models have been the
focus of some recent works [93, 94, 149]. Testing these improvements at the bispectrum level
will also be left to future work.
Table 1: Summary of matter bispectrum model accuracy: We give the rough scales
in k[h/Mpc] at which the models considered are within 10% of the N -body measurement
over redshifts in the range 0 ≤ z ≤ 1.5. Here kl = 0.07h/Mpc and kh = 4.05h/Mpc denote
the largest and smallest scales at which we make a measurement from the simulations. See
section 3.2 for details.
GR
z Tree 1-loop GM/NBT halo-tree (Tink) halo-loop (Tink)
0.2 [kl, 0.08] [kl, 0.25] [kl, kh] [kl, 2.50] [kl, 0.08], [1.00, 2.55]
0.5 [kl, 0.15] [kl, 0.25] [kl, kh] [kl, 0.30], [1.00, 3.00] [kl, 0.08], [0.70, 3.00]
1.0 [kl, 0.15] [kl, 0.30] [kl, kh] [kl, 0.15], [2.00, 3.00] [kl, 0.20], [0.50, 3.20]
1.5 [kl, 0.15] [kl, 0.38] [kl, 1.00], [3.00, kh] [kl, 0.22] [kl, 3.25]
F5
0.2 [kl, 0.15] [kl, 0.30] [kl, 0.08] [kl, 2.50] [kl, 0.08], [2.00, 3.00]
0.5 [kl, 0.15] [kl, 0.35] [kl, 0.15], [0.80, 2.50] [kl, 3.20] [kl, 0.08], [2.00, 3.50]
1.0 [kl, 0.15] [kl, 0.30] [kl, 0.40], [0.90, 3.20] [kl, 0.30], [0.90, 3.50] [kl, 0.20], [1.00, 3.80]
1.5 [kl, 0.15] [kl, 0.30] [kl, kh] [kl, 0.15], [1.70, kh] [kl, kh]
DGP
0.0 [kl, 0.08] [kl, 0.08] [kl, 0.08], [0.20, 1.75] [kl, 0.08], [0.20, kh] [kl, 0.08], [1.50, kh]
1.0 [kl, 0.15] [kl, 0.30] [kl, 2.50] [kl, 0.15], [1.35, kh] [kl, 0.08], [0.55, kh]
– 27 –
Table 2: Summary of lensing spectrum accuracy: We give the rough scales in k[h/Mpc]
at which the halo models considered are within 10% of the GM/NBT fitting formula for
different source redshifts. Here `l = 2 and `h = 2000 denote the largest and smallest multipoles
which we consider.
GR
z? Tree halo-tree (Tink) halo-loop (Tink)
1.0 [`l, 100] [`l, 1400] [`l, 100], [600, `h]
1.5 [`l, 100] [`l, 150], [750, 1500] [`l, 100], [650, `h]
2.0 [`l, 100] [`l, 150] [`l, 100], [750, `h]
DGP
1.0 [`l, 100] [`l, 1400] [`l, 100], [600, 1900]
1.5 [`l, 100] [`l, 150], [500, 1250] [`l, 100], [700, `h]
2.0 [`l, 100] [`l, 200] [`l, 100], [800, `h]
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